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Y[Z]\^._a`cbedgfh^i]jlkmnfporq$_#m!otsCmnfp^.fluvkwmvfhotq
x _uvyguzmv\O^._Ou!{#or^.s]jp_|C_Ou
}~now_md]Td]
kws]s9ot~vm x _~n_O{'Z]_O~n{'Z]_q2`Pw`gTbdg_OsCmv_O^9_~tt]btcskwr_Ou
O]tt _ x _Ot_jhots$k o x i]q]oP¡¢mygs£_un{'Z]_^._a¤¥ot~k.q]otqC¡¦{#orquv_~n§kwmvfht_r¨Piq{#orq x fpmvfhotqktj©Zgyr¡
s9_~n9otjhfh{^ªi]jpmvfhs]Zktuv_^.o x _Oj<«¬­mfhqProtjht_Auk*uv_#m®ot¤Suz_Ot_OqTskw~vmvflkwj x f°¯2_~n_qPmnfhktj_A±ri£kmvfhotq£u®kwq x Zktu
mnZ]_kt]fhjpfpmymnoªuvotjht_!fhqPmv_~v¤7kt{_s]~not]jh_^uS£_m²³_O_qs]i]~n_®^kwmv_~nflkwjluHktuS²³_Ojpj9ktuS{ot^.s]~n_Ounuzfh]jh_^ij°mnf°¡
sZktuv_³^.fp|gmvi]~n_Ou²!fpmvZm²o t_jhoC{#fpmvfh_Oukwq x q]orqC¡¢_A±Pi]fpjhfh]~vfhi]^LmvZ_~n^co x ygqkt^.fh{Ou´¥m²³o s]~n_Ounuzi~v_Au¨Am²o
mn_^.s9_~'kmvi~v_Au¨µm²³o x _Oquvf°mnfp_Au¨_#m'{w«·¶-«$¬­mnuqgi]^._O~vfl{ktjH~v_Auzorjpi]mvfhotq¸s£oPuz_Auuv_t_O~nktj x f°¹{i]j°mnfp_Au«TY[Z]_
^.o x _Ojs9orunuz_Auvuv_OuHkjhkt~vr_!qPi^9_~Sot¤©kt{#oriuzmvfl{kwq x {otqgt_A{-mnfpr_!²k§r_Ou!´7uv_r_q²[k§t_Aun¶(ktq x f°mfhuSq]owm
_AktuvycmvoisP²!fhq x kwjhj£mnZ]_Ouv_®²[k§t_AuSkr{{#i~nkwmv_jhy.kwq x uzfh^.s]jpyr«jluzo£¨rmnZ]_auzyCuzmv_^ºflu³q]otqC¡¦{#orquv_~n§kwmvfht_r¨
ktq x mvZ]_qPi^c_O~vfl{ktjµkwss]~vo§|Cfh^kmvfhotq£u³ot¤mnZ]_{ot~n~v_Auzs9otq x fpq]ªmv_O~v^u®q]__ x mno9_s]~noPf x _ x «H¬¦q$mvZfhu
s£kws9_~²_¤¥oC{iuorq»kT^._#mnZ]o x ¨Hkruz_ x otq»k¼{'Zkw~'kt{#mv_~nflumnfh{ x _A{#or^cs9oruvfpmvfhotq½²!Z]fl{'Z½uvotjht_OumvZ]_Auz_
s~vor]jp_O^uHfhq*kuvfp^.s]jh_®²[k§y.kwq x ²!fpmvZ*togo x kt{O{#i]~'kt{yt«Y[Z_®~not]iuzmvq_Ounu¨Pkt{{i]~'kt{#y.kwq x t_~'unkmvfhjhf°my
ot¤µmnZ]_^._#mvZo x flu{#jh_Okt~vjhy x _O^corquzmv~'kmv_ x orq	uv_r_~'kwj9mv_Aums~vor]jp_O^u[²!f°mnZ	_|]kt{-muvotjhiCmvfhotq£u«
¾T¿PÀ2ÁnÂÃ Ät Y²ow¡­s]Zktuv_ Åo²uO¨Zgygs£_O~v9otjhfh{a^.o x _OjhuO¨q]orqC¡¦{#otq£uz_O~vkmnfpr__A±Pikmnfporqu¨2 o x i]q]o
^._mvZ]o x uO¨]fhqrmn_~v¤7kt{_s]~notjp_O^.uO«
ÆÇÉÈ(ÊHË£ÌÍ<Í<Î'ÏlÐ#Î-ÑAÏ¥ÒÓ§ÔÕ<Ö·×­Ø-ÔÙµÑ§Ö Ð#ÔÕ<Ú<Ö Í­ÛnÍ!ÜÝ'Þ-ß§Ôà§Ó§Õ7Þ§Ëµá2âOã¼ä§åzæ-çAËéèÏÉê-ë-çAåzìªÜÝ'Þ-ß§Ôà§ÓAÕ<Þ§ËµÒÔÕ7íÝ'Ñî#ïðíÝ'Ö·ñlò
Ñ§Ö·Ø-Î-ñóÝ'Ölï Ý'Ñ§ß§Õ7ÖóÝ'Ñ§ÎvÐ§ôíÝnÍ<õ§ÔíÝnÍ¢Ö·Øwï Ó§Ñ§Ö ÏÉíÝ'Þ-ßAÔzàAÓ§Õ<Þ§ï ßAÔö ÇÉÑAÚ<Í<Ö Í¢ÓAÍ.ÙÑ§Ö Ð#ÔÕ7Ú¢Ö Í¢Ý'Ö·Õ<Ô*ß§ÔÚâ#îAÚ7Í¢÷í!ÔÚªø©õ§ÔÕ7í!Ö·ùOÓAÔzÚªÇÉÑ§ß§Ó§Ú7Í¢Õ7Ö·Ôñ·ÚvËú$Õ7Ó§Ô*ð£ÑAÕ<Ö·×ÎûãÔÕ<í!ÖlË®åzê'ä#ú-êûÜÝ'Õ<Ú<ÔzÖ·ñ·ñ·Ô
ü Ôß§Ô¦ýTåzêAË©ãÕ<Ý'Ñ§×ÔÝ'Ñ§ß*Ç¥Êþ©ÇÉÈÿáÕ<Î <Ô¦ÍâAÜaÈ(âSË9æ-ç-ç'ä.Õ7Î-ÓAÍ¢ÔßAÔzÚgÓA×zÖ·Î-ñ·ÔÚzË©ç-ì-ë-ç-æâOÎ§õAÖóÝªÈÑ#Í<ÖtÎ-ñ·Ö·Úzï$ðíÝ'Ö·ñlò
Õ<Ö·×­õ§Ý'Õ<ßwôÖ·ÓAÚ<Í<Ölï Ó§Ñ§Ö ÐÏÉí!Õ<Úzï 	hÕ

 ÇÉÈ(ÊHË£ÌÍ<Í<Î'ÏlÐ#Î-ÑAÏ¥ÒÓ§ÔÕ<Ö·×­Ø-ÔÙµÑ§Ö Ð#ÔÕ<Ú<Ö Í­ÛnÍ!ÜÝ'Þ-ß§Ôà§Ó§Õ7Þ§Ëµá2âOã¼ä§åzæ-çAËéèÏÉê-ë-çAåzìªÜÝ'Þ-ß§Ôà§ÓAÕ<Þ§ËµÒÔÕ7íÝ'Ñî#ïðíÝ'Ö·ñlò
Þ-ÔzÕ<Ý'ñ·ßPï ©Ý'Õ7Ñ§Ô×­Ø-ÔvôíÝnÍ<õ§ÔíÝnÍ¢Ö·Øwï Ó§Ñ§Ö ÏÉíÝ'Þ-ßAÔzàAÓ§Õ<Þ§ï ßAÔ
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    oriu x _Ot_jhotss£orquci]q un{'ZO^.k x _$mygs9_T o x iq]o s£ori]~i]q uzyCuzmv\O^c_$Zgygs£_O~v9ow¡
jhfl±ri_q]otqC¡¦{#orquv_~n§kwmvfp¤³^.o x jhfluvktqrm x _OuA{#ori]jp_O^._qPmnua^ªi]j°mnfpsZktuvfh±Pi]_Au«©_^.o x \Ojp__Aumª{ot^.s9oru
x i]q _Oquv_^jp_ x _uz_OsCmO±PikwmvfhotqukwiC| x ~nfp_Auaskw~vmvfh_jhjp_Au_#mªfpjk$jhkû{Okwskr{#fpm x _{Okwjl{#i]jh_~ x _Ou
s~vor]jp\O^._OufpqPmv_O~z¤7kr{#_Au_qPmn~v_ x _Ou^.kwmO~vflkwiC|$s]i]~'u®ktiunuzf]fp_OqF±Pi]_ x _Ous]~vor]jh\^._Ou x _^jlkwqt_Ou
^ªi]jpmvfhs]Zktuvfl±ri_Ou{#or^.s]~v_Auvuvfh]jp_Au x _iC|gfpmv_Auvuv_Ou(_mk§r_O{³i]q]_[mnZ]_~n^.o x yPq£kw^.fh±Pi]_[_Oqªq]orqC¡­_O±Pi]fhjpfh]~n_
´ x _i]|.s~v_Auvuvfporq©¨ x _iC|cmv_O^cs~'kmni]~n_OuO¨ x _OiC|.^.kruvuv_OuStorjpi]^.fl±Pi]_OuO¨t_mn{w«h«h« ¶#«dCotq*kts]s]~no§|gfh^kmnfporqªqgiC¡
^O~vfl±Pi]_®s9oruv_®s]jhiuvfp_Oi]~'u x f°¹{#ij°mOuO«µ_^.o x \Ojp_s£oPuvuv\ x _ i]qt~'kwq x q]or^]~n_ x orq x _Oukt{otiuzmvfl±Pi]_Ou
_m{#orqgt_O{#mvfht_Au´7uv_sCm otq x _Ou'¶[_#m fpjq  _Aum sktukwflu x _ x A{#_qPmn~v_O~mvoriCmv_Au®{_Ouorq x _Au x  i]q]_ª^.ktq]fh\~n_
uvfh^csjp_c_#ms]~O{fhuv_t«!_.s]jhiu¨µjp_c^.o x \jh_c_Aumaq]orqC¡­{otquv_~nkmnf°¤H_maiq]_kws]s]~no§|Cfp^kwmvfhotqûqgi]^~nfl±ri_
x _Oumv_O~v^._Auq]otq]¡­{otquv_~nkmvfp¤7u x otfpm#"#mn~v_ x Ot_Ojpors]s$O_t«!ktquH{#_mn~nk§kwfhj¢¨wq]oti£u(q]otiu{otq{_qPmv~notq£uuvi]~
iq]_®^#mnZ]o x _ ktu_®uvi]~i]q]_ x O{ot^.s£oPuzfpmvfhotq{kw~'kt{#mO~vflumnfh±Pi]_±Pi]f9~OuvotiCm³{_Ou³s]~not]jh\^._Ou x _¤7k%#orq
uvfh^csjp_ _#m!k§t_A{i]q]_ 9otq]q]_ s]~O{fhuvfporq©«µkª~vor]iuzmv_Ounuv_t¨Ps]~A{#fluzfhotq*_#m[&q'~'kwjhf°m x _ jhkª^#mnZ]o x __Aum
{jhktfp~n_^._Oqrm x O^corqPmv~_uzi~!s]jpi£uzfh_i]~'u[s]~not]jh\^._Aumv_Ouzm x orqrm!jlk.uzorjpiCmnfporq_|]kt{-m!_Aum®{otq]qgi]_r«
(Ã A Á &)  +* {#ori]jh_^._qPmnu x fpsZktuvfh±Pi]_Au¨A^.o x \jh_OuéZgygs9_~n£orjpfl±Pi]_OuO¨A±ri£kmvfhotq£uéq]otq]¡­{otquv_~nkmvfht_Au¨
d]{'Z^k x _ o x i]q]o2¨]}~not]jh\^._ x  fhqrmn_~v¤7kt{_
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Ti]j°mnfpsZktuv_Åo²ukw~n_fhqgtotjht_ x fpq	kZgi]r_®qgi]^9_~ow¤µ¤¥i]q x kt^c_OqPmnkwj2kwq x fhq x iuzmv~nfhktj9kts]s]jhfh{Okmnfporqu«
Ti]j°mnfpsZktuv_^.f°|gmvi~v_Au[^.k§yZk§t_auv_t_O~nktjéot~nfprfpq£u«10®uviktjpjhymnZ]_y	kw~n_a{otquv_O±Pi]_Oq{#_Auow¤k.s]Zgyguvfl{kwj
^.fp|Cfpq]s~voC{#_Auvu(ot¤2uv_r_~'kwjPÅi]f x uor~H^kmn_~nfhktjhuO«32iCmHi]q x _~Suvot^._{fp~'{#i]^uzmnktq{#_Au¨mnZ]_yª^k§y{#or^c_
¤¥~not^ kw~vmvf4£{#flkwj©uv^._Okw~nfhq]ªot¤({otqPmnkr{-m x fluv{otqPmvfhqgi]fpmvfh_Ou!uv_skt~nkwmvfhq]Å£i]f x u!ow¤ x fp¯9_O~v_Oqrm!s]ZgyCuvfh{Okwj©kwq x
{'Z_^.fh{Okwjés]~nots9_~vmvfh_OuO«
 _ {otquvf x _~³Z]_~n_mnZ]_®qgi]^._~nfl{kwj£~v_Auzorjpi]mvfhotqow¤µkª{#or^cs~v_Auvuvfpjp_^ªi]jpmvfhs]Zktuv_Å£o² ^.o x _Oj<¨54~'um
s~vors£oPuz_ x gy62kt_~(kwq x  i]q(7flkmvo98·:C¤¥ot~ x _mvorqkmnfporq²k§r_Oufpqªt~'kwqgi]jlkw~_#|Cs]jhoruvfpr_OuO¨§ktq x ^co x f4_ x
fhqûdCkwi~v_Oj2ktq x ]r~nktjpj;8h<:µ¤¥ot~[mvZ_~v_AuzorjpiCmnfporqot¤^ªi]j°mnfpsZktuv_a^cfp|gmvi]~n_Ou®kwq x fpqPmn_~v¤7kt{#_as]~notjp_O^.u
9_#m²__Oqsi]~v_{ot^.s]~n_Ounuzfh]jh_^kwmv_~nflkwjlu«
¬¦q¸mnZ]fhujhkrumª~v_¤¥_~n_q{_.mvZ]_rorktjH²kru mvoûi£uz_mnZ]_*unkw^._qgi]^._~nfh{OkwjH^._mvZ]o x ¤¥ot~mvZ]_*s]Zgyguvfl{kwj
s~vor]jp_O^ufhqgtotjhgfpqûm²ow¡­s]Zktuv_*^.fp|gmvi]~n_Ouc²!fpmvZ m²³o t_OjpoC{#fpmvfh_OuO¨Skruª²_jhj!ktucfhqrmn_~v¤7kt{_s]~notjp_O^.u
²!fpmvZ	mnZ]_uzfhq]rjp_as]~n_Ounuzi~v_akwq x t_OjpoC{f°myr«(Y[Zfhuktfp^ ²kru[~v_Akt{'Z]_ x gyiuvfpq(=
> qTi]q£{#otq x f°mnfporqkwjµZPygs9_~n£orjpfl{^.o x _j©¤¥ot~!Åif x ^.fp|Pmni]~n_OuO¨f¢« _r«]mvZ_uzyCuzmv_O^ ~n_^kwfhqu!Zgygs£_O~z¡
£orjpfl{ ¤¥ot~ktjpj©k x ^.fhunuvfp]jh_um'kmn_OuO¨
> qTkt{O{#i]~'kmn_a^c_mvZ]o x ¤¥ot~[Å£iC|{#or^.s]iCmnkwmvfhotqTktu²_jhjµktu¤¥or~[mvZ]_qotqC¡¦{#orquz_O~vkwmvfht_mn_~n^u¨
> }~n_Ounuzi]~n_kwq x t_OjpoC{f°my~n_jlk|]kwmvfhotq*s~voC{#_ x i]~n_OuO«
Y[Zfhu^.o x _Oj£kwq x qgi]^._O~vfl{ktj]uzorjpiCmnfporq.s]~voC{_ x i]~n_Ou(Z£k§t_[£_O_qkts]s]jhfp_ x mnouz_Ot_O~nktj x f°¹{i]j°m³s]Zgyguvfl{kwj
s~vor]jp_O^u®jhf?r_ x _#mnotqkwmvfhotqû²[k§t_Au®fhqF^ªi]jpmvfhs]Zktuv_c^cfp|gmvi]~n_OuO¨é^ij°mnf x fh^._quvfhotqktjfpqPmv_O~z¤7kr{#_Au®i]q x _~
uvZ]oC{?fhqrmn_~'kt{#mvfhotq©¨Ci]q x _~n²kwmv_O~_|Cs]jpoPuzfhotq£uS¤¥or~_#|]kt^csjp_r¨]kwq x {k§gfpmnkmnfporq*fhq$jpfl±Pi]f x u@8pO`:­«
®o²³_Ot_~A¨rmvZ]flu^c_mvZ]o x Zktuuvot^._ x ~'k§²!kr{?guO«Y[Z_afp_O^.ktq]quvotjht_O~Siuv_ x fpqA8p*<:µkwq x fpqB8h`:
²[ktuS^i{'Zmvogo x fluvuvfhskmnfpr_t«¬­mfhqgtotjht_ x otq]jhycm²³o²[k§t_Aufhqumn_Ok x ow¤µuv_r_q©«C³otquv_O±Pi]_OqPmvjhyªq]otmktjpj
mnZ]_!²[k§t_Ou²_~n_³isP²!fhq x _ x ¨rktq x mvZ]_!qgi]^._O~vfl{ktj]uzorjpiCmnfporqª²[ktuq]otmSkt{O{#i]~'kmn_³_Oq]oti]rZ©¨wfhq.skw~vmvfl{#i]jlkw~
¤¥or~S{#orqgt_O{#mvfht_²k§r_OuO«®_~n_!²³_!s]~nots9oruv_!kuzfh^.s]jh_²k§ymvokr{{#ori]qPm(¤¥ot~mnZ]_Ouv_²[k§t_Oufhq.mvZ]_uzorjpr_~A«
¬¦qcmvZ_!jpfpmv_O~nkwmvi]~n_!uz_Ot_~'kwjP²[k§yguot¤2uvotjhgfpq]mvZ_uzyCuzmv_^ ¤¥~vor^D8 :¢¨8p*<:­¨w²!Z]fl{'Zªm'kE?r_fhqPmvokt{O{#ori]qPm
ktjpjµ²k§r_OuO¨]{kwqT9_¤¥ori]q x «GFq]_ot¤mnZ]_{ot^.^.otqTkws]s~voPkt{'Z]_Au[fhu[mnoq]_Otjh_O{-m!mnZ]_q]orqC¡¦{#otq£uz_O~vkmnfpr_
mn_~n^ufhqûmnZ]_uzyCuzmv_O^%ow¤Srot_~nq]fhq]_A±ri£kmvfhotq£u«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Yo¸fpjhjhiumn~nkwmv_$mnZ]_Ts]~nots9_~vmvfh_Ou.ow¤ mvZ_ûq]_² un{'Z]_^._$²³_TZ£k§t_T{'Z]oruv_q _Ounuv_qPmvflkwjhjpy½mvZ]_ûunkw^._$mv_Aum
s~vor]jp_O^uktu.fhqV~v_¤¥_~n_q{_B8h<*:¢« * kt{'Z s]~not]jh_^ ²[ktuuvotjht_ x ²!fpmvZ mnZ]_Tq]_O² un{'Z]_^._ûktq x ²!fpmvZ
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ûktuv_jhjhk 8 <*:¢«HY[Z]_or~vfhtfhqktj£^._#mnZ]o x ow¤µmnZ]_~n_#¤¥_~n_q£{#_ 8p*<:©²!fpjhj©9_a~v_¤¥_~n~v_ x mvokru!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qgi]^._~nfh{Okwj~v_Auzi]jpmnu²_~n_
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mnZ]_rkruO´<kwfh~'¶³km[mnZ]_~vfhtZPmA« * kt{'Z	Åi]f x fhu[rot_~nq]_ x gymvZ_umnf°¯2_q]_ x rktu * Fad
 <B\ K ] A= K \ 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¤¥or~!jpfl±Pi]f x ktq x rkru«Y[Z]_uvotjhiCmvfhotq$ot¤mnZ]_!fh_^kwq]q$s]~notjp_O^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Exact solution       
Hfhti]~n_ =  kmv_O~z¡¦kwfh~!uzZog{?.mni]9_t¨^kwmv_~nflkwj x _q£uzfpmvfh_Ouktq x _q]_O~vrfp_Au[ow¤µmnZ]_s]Zkruz_Au«
Y[Z]_{ot^.skw~nfluzorqow¤mvZ]_aqgi]^._~nfh{Okwj2~n_Ouvi]j°m'u³¤¥ot~mvZ]_ ) HoP_ktq x    uzorjpr_~'uS²!fpmvZmvZ_ _|]kt{-m
uvotjhiCmnfporq$kwmmvfh^._ G  ! D ! _#¡­`cflus~v_Auz_Oqrmn_ x fhq Hfh«9¡ <g«!®u®_#|Cs£_A{-mn_ x ¨£mvZ]_/)H(!og_uvotjht_~®tfht_Ou!k
^ªi{'ZuvZkw~ns£_O~µ~n_OuvotjhiCmvfhotqot¤ x fhun{#orqPmvfhqPif°mnfp_Au{ot^.skw~n_ x mno H«§Y[Z]_Sqgi]^._O~vfl{ktjw~v_Auzij°m'u¨§ot]mnkwfhq]_ x
²!fpmvZ	mnZ]_ )H(!og_un{'Z]_^._aot_O~ Atª^._OuvZ${_jhjhu®kw~n_ {ot^.skw~'kwjp_mvo.mnZ]_~v_Auzij°m'u[ow¤  or_~!tr
^._AuzZ {_jhjhuO« Y[Z]_¼{Okwjl{#i]jlkmnfporqu²!fpmvZ Att ^._OuvZ {_jhjhuuzZ]o² mvZ£km*mnZ]_¼uvZ]oC{? uvs9__ x u*kw~n_ûkwjluvo
{ot~n~v_A{-mnjpy{ot^.s]iCmn_ x «
¬¦q Hfh«g]¨guzor^._s£_AkE?Cukw~n_gfhuvfpjp_fhqmnZ]_®Pktus£kw~'kw^._#mn_~'uSkmSmvZ]_ jp_¤Ém³ot¤émvZ]_fpqPmv_O~z¤7kr{#_r¨Pktq x fhq
mnZ]_®jhfl±rif x s£kw~'kw^._#mn_~'u(mvomnZ]_ ~vfhtZPmHow¤©fpmO«  _Z£k§t_!ot£uz_O~vr_ x mvZ]flu³£_OZk§gfpor~Sow¤2mnZ]_uvotjhiCmvfhotq²!fpmvZ
mnZ]_®9owmnZ* ¼ktq x )H(!og_un{'Z]_O^c_Au«(®u³^._qPmvfhotq_ x 9_#¤¥ot~n_t¨Pfpm³fluSq]otmSs9orunuzfh]jh_mvo¤¥i]jpjhy{#or^cs£kw~n_
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Exact solution        
Hfhti]~n_a`(=  kwmv_O~z¡¦kwfh~!uzZ]oC{?mni]9_t¨]^.fp|Pmni]~n_ x _quvfpmy*kwq x s]~n_Ounuzi~v_r«
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Exact solution        
Hfpri]~n_@< =  kwmv_~v¡¦kwfh~[uvZ]oC{?mni]£_r¨]t_OjpoC{f°mnfp_Au!kwq x rkru[totjhi]^._ ¤¥~nkr{-mnfporq©«
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4L J7R&
ktq x rktu(rotjhi]^._¤¥~nkr{-mvfhotq+
 4 kw~n_s]~v_Auz_OqPmv_ x «Y[Z]_!~n_#¤¥_O~v_Oq{#_[uvotjhiCmvfhotqc¤¥ot~(mnZ]_!rkru(torjpi]^._¤¥~'kt{-mnfporq
fluHorCmnktfpq_ x kru¤¥otjhjho²u« aq]o²!fpqmvZ]_fpqPmn_~v¤7kt{#_®t_jhoC{#fpmy 2 ,/.10 ¤¥~vor^mnZ]_uvotjhiCmnfporqow¤émvZ_!fh_^kwqq
s~vor]jp_O^ ´<r¶a²!fpmvZ fhq]f°mnfhktj x kwmnk ´7t`r¶-¨²_94q x mvZ_ x fluzs]jlkt{_^._qPmow¤[mnZ]_fpqPmn_~v¤7kt{#_ 4 ot_O~amvZ]_
mnfp^._ 4 G ktu
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~'kmvfhoru®ow¤Sfhq]fpmvflkwj(s]~n_Ounuzi~v_Au®kwq xûx _q£uzfpmvfh_OuO¨2mvZ]_) H(!og_ªuvotjht_~[¤7ktfpjlu!mno*s]~n_Ouv_~nt_as9oruvf°mnfpgfpmyot¤ x _q£uzfpmyot¤s]~v_Auvuvi]~n_fpqûmvZ]_ªfpqPmv_O~v^._ x fhkwmv_uzmnkwmv_ot¤
mnZ]_*!fh_^ktq]q½s]~not]jh_^$«TY[Z]_s~vor]jp_O^+ot¤!s£oPuzfpmvfhgf°my s]~n_Ouv_~n§kwmvfhotq¸ow¤[mnZ]_ ) HoP_	uzorjpr_~fluktq
fhqPmv_O~v_Aumnfpq]±Pi]_Aumnfporq	ktq x ²!fhjhj©£_amnZ]_uvi]C_O{#m!ow¤¤¥iCmvi]~n_~n_Ouv_Okw~'{'Z©«
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¬¦qf°mnfhktj©{#otq x f°mnfporqu¬¦qPmv_O~v^._ x fhkwmv_uzmnkmn_ dPmv_Ak x yum'kmv_
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Y[Zfhuamn_OuzmO¨(²!Z]fl{'Z¸fhu x i]_mnoûkwquvot^ 8pA*:­¨{otquvfhuzmnuow¤!kTt_O~zmnfh{Okwj(mvi£_û§	^+fhq jh_q]tmvZ©¨²!Z]fl{'Z
{otqPmnktfpq£u³kªjpfl±Pi]f x ´7²kwmv_~-¶H{otjhi]^.q©¨]uvi]~v~notiq x _ x PyPktu ´7ktfp~-¶-«HmmvZ]_ mnots©¨gmnZ]_rotjhi]^._®¤¥~'kt{#mvfhotqu
ktq x mvZ_¼jhfh±Pi]f x t_OjpoC{f°my kw~n_ûtfht_Oq©¨kwq x mnZ]_¼Pktur_jhoC{#fpmy flu 7O_~no« Y[Z]_û9owmvmvor^ fluots9_q mvo
kwmv^.oruvs]Z]_O~vfl{*{otq x f°mnfporqu« 0q x _~.mvZ_$kr{-mnfporq»ow¤t~'k§Pfpmyt¨Hk qkt~v~no²!fhq]ûow¤mvZ]_$jhfh±Pi]f x _#m.mnk.?t_Ou
sjhkr{#_t«Hdg_Ot_O~nktj2uzmnktt_Au[ow¤µmnZ]_s]~noC{#_Ounu[kw~n_ x _s]fl{-mn_ x fhq Hfh« «
Y[Z]_fhq]fpmvflkwjµ{otq x f°mnfporqu!kw~n_ kru¤¥otjhjpo²uO¨
µfh±Pi]f x aktu
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Y[Z_ 9otiq x kw~ny*{otq x fpmvfhotq£u!kw~n_
©fl±Pi]f x aktu
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 4 kw~n_a_#|gmv~'kws9otjlkmn_ x ¨
´<Pw¶
otmvZ]_O~Åo² kw~nflkw]jh_Ouªkw~n_.¤¥oti]q x Py mnZ]_uvotjhiCmvfhotq ot¤!mvZ]_£ori]q x kt~vy¸!fh_^kwqq½s]~not]jh_^+¤¥ot~ªmvZ]_
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Exact solution        
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Hfpri]~v_%=  kwmv_~[¤7kti{#_ms]~not]jh_^ =(rkru³rotjhi]^._ ¤¥~nkr{-mvfhotq$km G  MSD  «
0®q x _~³mvZ_ kruvuvi]^.sCmvfhotq.mnZkm³mvZ]_jpfl±Pi]f x fluSfhq{#or^.s]~v_Auvuvfh]jp_ktq x mnZ]_s~v_Auvuvi]~n_!§kt~vflkmnfporqfpq*rktu
fluK7_O~vo£¨Cotq]_{Okwq	t_#m[mnZ]__#|]kt{#muzorjpiCmnfporq*¤¥or~[mvZ]__OtorjpiCmnfporqot¤mnZ]_rkrutotjhi]^._ ¤¥~nkr{-mnfporq©¨
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M:D ! & owmnZ]_~n²!fluz_ D
²!Z_~n_ 
 4 fhu*mvZ]_ fhq]f°mnfhktjarktutorjpi^c_¼¤¥~nkr{-mnfporq©¨T 7 mnZ]_Ffhq]fpmvflkwjajhfh±Pi]f x r_jhog{f°myr¨T mvZ]_ t~'k§gf°my
kr{{_jh_~'kmvfhotqµ¨Suz_O_$_t« « C³oC±ri_j!_#mA«Skwj¢« 8 *:¢« Hot~.mnZ]_Tqgi]^._~nfh{Okwj!uzorjpi]mvfhotq ow¤®mnZ]_Ts]~not]jh_^$¨³mvZ]_
s£kw~'kw^._#mn_~'u³ot¤µmnZ]_umnf°¯2_q_ x rkru * Fad²_~n_ mnk.?t_q$ktu¤¥orjpjho²uO¨
µfh±Pi]f x akru
\ 7   D  \ 4  ] D 
^ 7  ] M > ^ 4  M]«
Hot~SmvZ]fluHs]~notjp_O^	¨rmvZ_t_OjpoC{#fpmyc~v_Ojhkw|Ckwmvfhotq.²[ktuq]otmSiuv_ x ¨P9_O{ktiuv_!mvZ]_s]Zkruz_AuHZk§r_[m²³o x fluzmvfhq{-m
r_jhoC{#fpmvfh_OuO«®Y[Z]_ª{ot^.skt~vfluzorq$ow¤mvZ_qgi]^._~nfh{Okwj~v_Auzij°m'u²!fpmvZTmnZ]_ª_|]kt{-m uzorjpiCmnfporqûflus]~n_Ouv_qPmv_ x fhq
Hfh«£C«
®rkwfhq©¨[mnZ]_ ) HoP_ uzorjpr_~rfpr_Ou9_#mvmv_~	~n_Ouvi]j°m'u*{ot^.skw~n_ x mno mvZkwmot¤   uvotjht_O~O«Y[Z]_
~n_OuvotjhiCmnfporq½ow¤mnZ]_ x fluv{otqPmvfhqgi]f°my fhq»Pktuªtorjpi]^._¤¥~nkr{-mnfporq»fluªqowm.s£_O~z¤¥_A{-mO¨³²!Z]fl{'Z flu x i]_mvo mvZ]_
¤¥orjpjho²!fhq]$~v_AktuvotquO«*Y[Z]_*uvotiq x uzs9__ x fpq¸mnZ]_jhfh±Pi]f x fhu^i{'Z Z]fhtZ_~amvZ£kwq¸mvZ£kmot¤mnZ]_PktuO¨uvo
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orq]_Zkru!mno*{'Z]ogoruv_t_O~vy	uz^kwjhj©mnfp^._cumn_su®fpqûor~ x _~[mvo	uvkwmvflu¤¥ymvZ_ C H»{#orq x fpmvfhotq©¨£²!Z]fl{'Zûjp_Ak x u
mnoqgi]^._~nfl{kwj9fhqkt{O{#i]~'kt{fp_Au«(dg_O{otq x jhyt¨rmvZ_PktuHs~v_Auvuvi]~n_fhuq]otmktjp²[k§yCuS{#orquzmnkwqPm³ktjporq]mnZ]_®mni]9_t¨
²!Zfh{'Z${ktiuz_Au!kcrktu³Åo²ÿfpq	mnZ]_q]_Pkmnfpr_ x fh~n_O{-mnfporqTkwq x mvZgiuuv^._Okt~vfhq]cow¤µmnZ]_fhqrmn_~v¤7kt{_t«
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C³orquvf x _O~ªk¼m²³ot¡¢sZktuv_^.f°|gmni]~v_r¨H²!Z]_O~v__Okt{'Z {#ot^.s9otq]_OqPm+" fluctor_~nq]_ x gy¸mvZ]_$uzmvfp¯9_Oq]_ x rktu
* Fad2¨
   <O\  KP] AB    K \ 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 & "  ] & ! D
¬¦qªmvZfhu(mn_OuzmO¨w²_!kw~n_³fhqPmv_O~v_Aumn_ x fpqc^.f°|gmvi~v_Au(ow¤9uvotjhf x ^kmn_~nfhktjhuO¨²!Z]fl{'Zc{Okwqc£_!{otquvf x _~n_ x kru{#or^ª¡
s~v_Auvuvfpjp_iq x _~Z]fhtZûs]~n_Ounuvi]~v_Au«Fq_{ktq x _#mn_~n^cfhq]_mvZ]_c{#otq£um'kwqPmnu#\& ^ c¤¥or~uvot^._^kmn_~nfhktjhu
¤¥~not^ Tkw~'uzZB8ht :­«HY[Z]_{#or~v~n_Ouvs£orq x fhq]c§ktjpi_Ou!kw~n_uzi^c^kt~vf 7_ x fhq$Ykwjp_.t«
\ ^ ¨ ] M  }k
C³ors]s9_~ `£« r PC« r
2fpq{ `£«p *<C«óg
* s£o§|Cy ]«  t` « ]
dCs]fpq_j r« P O`t« `5<
Ykt]jh_cr«HY[Z]_~n^.o x ygqkw^.fl{ {otquzmnktqPmnu³¤¥ot~uv_jh_O{#mv_ x ^kmn_~nfhktjhuO«
C³orquzf x _O~ckûuvZ]oC{?¸²k§r_s]~notsktrkmnfpqTfpq»m²³ot¡¢s]Z£ktuv_^cfp|gmvi]~n_Ouªow¤ {#otss£_O~ 7fhq{û´¥~nkruvu'¶kwq x
_Os£o§|Cy uvs]fhq]_j¢« 0®uvfhq]$mvZ]_{#otq£um'kwqPmnu ¤¥~not^ Ykt]jp_Tr¨µ²_{ktq¸{Okwjl{#i]jlkmn_.mvZ]_uvZ]oC{?Fuvs9__ x fhq¸mvZ]_
^.fp|gmvi]~n_Ou(ot¤2uvotjhf x u(²!f°mnZªmnZ]_[m²ow¡­s]Zktuv_³Åo² ^.o x _Oj]kwq x mvZ_!qPi^c_O~vfl{ktjC^._#mvZo x.x _Auv{~vfh9_ x s]~n_gf°¡
oriuvjpyr«Y[Z]flu[uzZog{?uvs£_O_ x {Okwq	kwjluzo9_ _Ouzmvfh^.kwmv_ x ¤¥~not^WmvZ]_aktq ?gfpq]_¡­®i]torq]fhowm³{otq x fpmvfhotq£uSot¤©mvZ]_
^.fp|gmvi]~n_ * ijp_O~ _A±Pikmnfporqu®{jpoPuz_ x gy$ktq¼kwss]~vors]~nfhkwmv__A±ri£kmvfhotq¼ow¤Suzmnkmn_t«dgi{'ZûmyPs9_cow¤H^.f°|gmni]~v_
_A±Pikmnfporqûow¤[um'kmv_cflu x _Oun{#~nfp9_ x fpq Tktunuvotq]f_#mkwj¢«;8p§:¢« 2owmvZFqgi]^._~nfh{Okwj~v_Auzi]jpmnuakt~v_c{#ot^.skt~v_ x
²!fpmvZ	mnZ]__#|Cs9_~nfp^._qPm'kwj x kwmnkcow¤Tkw~'uzZB8ht :­«
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Y[Z_~n_.kt~v_.q]oû{jhkruvuvfl{kwjH®kwq ?gfhq]_#¡¦i]rotq]fhowm{#orq x fpmvfhotqu¤¥ot~amvZ_*uzyCuzmv_O^ ´<r¶-¨(uzo$²_{kwqq]owm@4q x
mnZ]_®uvZ]oC{?ªuvs£_O_ x ktqkwjhyPmvfl{kwjhjhyt«Y[Z_®kws]s~voPkt{'Zc²³_!iuv_Z]_O~v_!fluSuzmv~'kwfhtZPmv¤¥ot~n²kt~ x «  _{Okwjl{#i]jlkmn_[mvZ]_
uvZ]oC{?ûuvs£_O_ x ktu mnZ]_~nkwmvfhoot¤³mnZ]_.]fhtt_Aum´<kwq x mvZ_otq]jhyûotq_t¨©fhq {ktuv_cow¤!k	uvfhq]tjh_uzZ]oC{?T²[k§t_§¶
s~v_Auvuvi]~n_r~nk x fp_OqPm x fluvs]jhkr{#_O^c_OqPm[or_~mvZ_amvfh^c_fhqPmv_O~vkwj¢«
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Hot~mvZ]_ * i]jh_~_O±PikwmvfhotquO¨§²³_[{ktq@4q x mvZ]_[uvZ]oC{? uvs£_O_ x kwqktjpyPmvfl{ktjpjhy¤¥~vor^ÿmnZ]_[kwq ?gfhq]_#¡¦itotqfpotm
i^cs$~n_jlkmnfporqu«Yo{#jhoruv_ mvZ]_uvyCumn_^$¨C²³_aiuv_amvZ_^cfp|gmvi]~n_ * Fad x i]_amnoTktunuzorq]fé_#m®ktj<« 8hA*:¢«H¬­m
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flu!kruz_ x otq	mvZ]_ª{#otq£uz_O~vkmnfporq*ot¤mnZ]__Oq]_~nty*ktq x ^ktunu!ow¤mvZ]_^cfp|gmvi]~n_t¨£kwq x otq$mnZ]__O±Piktjpfpmy*ot¤
s~v_Auvuvi]~n_Ou£_m²³_O_q	s]Zkruz_Au«(¬­m~n_Ok x u¨
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²!Z_~n_ 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ktq x mvZ]_*mvZ]_O~v^.o x ygqkt^cfl{*{otquzmnktqPmnua¤¥or~mvZ_s]Z£ktuv_
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 ¤¥ot~amnZ]_^.f°|gmvi~v_Au{#otss£_O~ 7fhq{.kwq x _s9o§|Cy uvs]fpq_jkw~n_.tfht_q fhq
Ykwjp_C«
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Ykwjp_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C³orquvf x _O~mvZ]_am²ouz_mnu[ow¤(fhq]f°mnfhktj x kwmnkª¤¥ot~[mnZ]_{#ors]s£_O~ 7fhq{^cfp|gmvi]~n_´¥~nkruvu'¶-¨
C³otss£_O~ 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 _[iuv_[ks]flumnotqc£ori]q x kt~vy{otq x fpmvfhotqcotqmvZ]_!jh_#¤ÉmHuvf x _³mnofhq]fpmvflkmn_³mnZ]_uvZ]oC{? ²[k§t_r«Y[Z]_[{#or^.skw~nf°¡
uvotqot¤]mvZ_³{ktjh{i]jlkmv_ x uvZ]oC{? uvs£_O_ x  ktuk!¤¥iq{-mnfporqow¤]s]fluzmvotqªt_OjpoC{#fpmy  - ²!f°mnZmvZ_³_|gs9_~nfh^c_OqPmnkwjx kmnkcot¤(Tkt~nuvZA8ht:µfhu[s~v_Auz_Oqrmn_ x fpq$Hfh« L]«Y[Z]_m²³ot¡¢sZktuv_aÅo² ^.o x _jtfht_Ou®kt_O~vy	togo x s]~n_ x fl{-mnfporqTow¤(mvZ]_cuzZog{?$uvs£_O_ x _Ot_qTorq Or
^._AuzZ{_jhjhu³{#ot^.skt~v_ x mnomvZ_ * i]jh_~³_O±Pikwmvfhotqu(¤¥or~HmnZ]_^.f°|gmni]~v_r«  owmn_!mvZ£kmHmnZ]_m²ow¡­s]Zkruz_[^.o x _j
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Hfpri]~v_ L(=S$f°|gmni]~v_®i]torq]fpotm!s]~vor]jh_^$«
x oP_Auq]otmq]_O_ x ktqPy	_^.s]fh~nfh{Okwjhjpy x _#mn_~n^.fpq]_ x skt~nkt^c_mv_O~O«GFq]jhy*mnZ]_si]~v_ª^kmv_O~vflkwjµ_O±Pikmnfporquot¤
uzmnkwmv_kt~v_iuv_ x ¨fhq½{#orqi]q{#mvfhotq ²!fpmvZ¸mvZ_ZgyPs9_~n9otjhfh{uvotjht_O~kwq x ~n_jlk|]kmnfporqFs~voC{#_ x i]~n_OuO«Y[Z]_
~n_Ouvi]jpmnuow¤HmnZ]_ )H(!og_.kwq x   uvotjht_~'u x oq]otm x f°¯2_~±Pikwjhfpmnkmnfpr_jhy$otq»At*^c_AuzZ {#_Ojpjlu«Y[Z_y
9owmnZ»uvZ]o²Wuvot^._*uvjhfprZrm x _gflkmvfhotq£u¤¥~not^+mvZ]__#|Cs£_O~vfh^._qPmnktjS~n_Ouvi]jpmnuO«ûY[Z]fhuªflu x i]_*mvo¼mvZ]_qotqC¡
kr{{i]~nkwmv_c²k§yTot¤ x _mv_O~v^.fhq]fpqmnZ]_uvZ]oC{?ûuzs9__ x ¤¥or~amvZ]_.m²ow¡­s]Zkruz_Åo²^.o x _Oj<«  _Ot_O~zmnZ]_jh_Ounu¨
mnZ]_~n_Ouvi]j°m'u[²!f°mnZ¸Otr{_jhjhuuvZ]o² ktq$_#|]{#_Ojpjh_qPmkwr~v_O_^._qPm[²!f°mnZmnZ]__#|Cs9_~nfp^._Oqrm'kwj x kwmnk«
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¬¦qûmvZ]flu®uzmvi x yt¨2²³_s]~vors£oPuz_k*uzfh^.s]jp_ª^._#mvZo x ¤¥ot~{ot^.s]~n_Ounuzfh]jh_m²ow¡­s]Zktuv_ Åo²uO«Y[Z]_ x fp¯2iuzfht_
fp_O^.ktq]quzorjpr_~iuv_ x fhq 8p*<:£Z£ktu9__Oq~v_Os]jhkr{#_ x ²!fpmvZk^.or~v_!kt{O{#i]~'kmn_[otq]_r«Y[Z]_{#ot~n~n_Ouvs£orq x fhq]
x fhun{#~n_#mnf7Akmvfhotq£u(ow¤2mvZ]_®q]otqC¡¦{#orquv_~n§kwmvfht_mv_O~v^uZ£k§t_!9__q x _t_Ojpors£_ x fpq.mnZ]_ktuz_Oq{#_!ot¤9s~v_Auvuvi]~n_
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